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Abstract
It has been conjectured that whenever an optimal covering array exists there is also a uni-
form covering array with the same parameters and this is true for all known optimal covering
arrays. When used as a test suite, the application context may have pairs of parameters that
must be avoided and Covering arrays avoiding forbidden edges (CAFE) are a generalization
accommodating this requirement. We prove that there is an arc-transitive, highly symmet-
ric constraint graph where the unique optimal covering array avoiding forbidden edges is
not uniform. This does not refute the conjecture but it does show that placing even highly
symmetric constraints on covering arrays can force non-uniformity of optimal arrays.
A column of a covering array is uniform if the number of appearances of any two symbols differ
by no more than 1. For all the known optimal covering arrays there exists an optimal covering
array with the same parameters that is uniform on every column. This includes the two infinite
families of optimal covering arrays, orthogonal arrays [4] and strength 2 binary covering arrays
constructed by Katona and Kleitman and Spencer [5, 6], and 21 other known optimal covering
arrays of strength 2[7]. It has been conjectured that there exists a uniform covering array of
optimal size for all parameters [9] and this conjecture was the motivation for a recent enumeration
of small covering arrays [7].
An analogous uniformity conjecture for covering and packing (error-correcting) codes has been
disproven. For binary covering codes, there are sets of parameters for which all optimal codes are
nonuniform [10]. Furthermore, for binary error-correcting codes, there are sets of parameters for
which all optimal codes have a nonuniform distribution of coordinate values in all coordinates [11].
In this note we prove that the unique optimal covering array avoiding a highly symmetric set of
forbidden edge constraints has three of four columns non-uniform and is therefore not uniform itself.
This does not refute the conjecture from [7] but it does show that placing even highly symmetric
constraints on covering arrays can force non-uniformity of optimal arrays. The uniformity question
for other covering array generalizations and constraints is open.
Definition 0.1. A covering array CA(N ; t, k, v) of strength t is an N × k array of symbols from
[0, v − 1] such that in every N × t subarray, every t-tuple occurs in at least one row. A covering
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Figure 1: The graph G.
array is optimal if it has the smallest possible N for given t, k, and v, and uniform if every symbol
occurs either ⌊N/v⌋ or ⌈N/v⌉ times in every column.
Let G = Gk,v be a k-partite hypergraph graph with vertex set V (G) = {vi,a : i ∈ [1, k], a ∈
[0, v−1]}. A row of a covering array c ∈ [0, v−1]k avoids G if for all {i1, i2, . . . , it} ⊂ [1, k], we have
{vi1,ci1 , . . . , vit,cit} 6∈ E(G). A covering array with forbidden edges CAFE(N ;G) is a CA(N ; t, k, v)
where every row avoids G.
For more about CAFEs see [2] and for more about covering arrays in general see [1, 3, 8].
Let G = G4,3 have edges
E(G) = {{v0,0, v1,0}, {v2,0, v3,0}, {v0,1, v2,1}, {v1,1, v3,1}, {v0,2, v3,2}, {v1,2, v2,2}}
as shown in Figure 1. The automorphism group of G respecting its partition structure has order
24 and is generated by
g1 = (v0,0v1,0)(v0,1, v1,2)(v0,2, v1,1)(v2,1, v2,2)(v3,1, v3,2),
g2 = (v0,0, v1,2, v2,0, v3,2)(v1,0, v2,2, v3,0, v0,2)(v0,1, v1,1, v2,1, v3,1).
Under this automorphism group, G is arc-transitive which implies vertex transitive. This is a high
degree of symmetry. In particular, all the symbols in the covering array (vertices in the graph) are
equivalent. Despite this symmetry we will show that the unique CAFE on G is not uniform.
Proposition 0.2. A CAFE(12, G) is optimal.
Proof. A pair {vi1,s1, vi2,s2} with i1 6= i2 and s1 6= s2 is solitary if it is disjoint from the unique
edge between parts i1 and i2. The solitary pairs are
{{v0,1, v1,2}, {v0,2, v1,1}, {v2,1, v3,2},
{v2,2, v3,1}, {v0,0, v2,2}, {v0,2, v2,0},
{v1,0, v3,2}, {v1,2, v3,0}, {v0,0, v3,1},
{v0,1, v3,0}, {v1,0, v2,1}, {v1,1, v2,0}}
.
We show that no two solitary pairs can be in the same row of a CAFE(N ;G). The set of solitary
pairs is an orbit under the automorphism group of G, thus we need only prove that the first solitary
pair {v0,1, v1,2} cannot appear in a row with any other solitary pair in a CAFE(N ;G). If c is a row
with c0 = 1 and c1 = 2, avoiding the edges of G forces c2 = 0. Thus the only other solitary pairs
which c could contain are {v1,2, v3,0} or {v0,1, v3,0}, but both of these are forbidden from appearing
in c by the edge {v2,0, v3,0} ∈ E(G).
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1 2 0
2 1 0
0 1 2
0 2 1
0 1 2
1 0 2
2 0 1
2 1 0
2 0 1
0 2 1
1 2 0
1 0 2
Table 1: Structure forced on CAFE(12;G) by solitary pairs.
Theorem 0.3. Up to isomorphism there is a unique CAFE(12;G) that has a single uniform column
and three non-uniform columns.
Proof. If there is a CAFE(12;G) then there is one row for each solitary pair. A row with a solitary
pair avoiding G forces one additional symbol in that row. Thus the array must have form given
in Table 1. The only pairs not covered in this array are the 18 pair of repeated symbols in each
pair of columns. Six of these are forbidden by G, but the remaining twelve must be covered in the
CAFE. The pairs
{{v0,2, v2,2}, {v1,2, v3,2}, {v0,1, v3,1}, {v1,1, v2,1}}
can only be covered in the first block of four rows. Thus the first block can only be completed in
two possible ways:
1 2 0 2
2 1 2 0
0 1 1 2
1 0 2 1
1 2 0 1
2 1 1 0
0 2 1 2
2 0 2 1
The pairs
{{v0,2, v1,2}, {v2,2, v3,2}, {v0,0, v3,0}, {v1,0, v2,0}}
can only be covered in the second block of four rows. Thus the second block can only be completed
in two ways:
0 1 2 1
1 0 1 2
2 0 0 1
0 2 1 0
0 1 2 0
1 0 0 2
2 1 0 1
1 2 1 0
The pairs
{{v0,1, v1,1}, {v2,1, v3,1}, {v0,0, v2,0}, {v1,0, v3,0}}
3
1 2 0
2 1 0
0 1 2
1 0 2 1
0 1 2
1 0 2
2 0 1
2 2 1 0
2 0 1
0 2 1
1 2 0
0 1 0 2
1 2 0
2 1 0
0 1 2
2 0 2 1
0 1 2
1 0 2
2 0 1
0 2 1 0
2 0 1
0 2 1
1 2 0
1 1 0 2
Table 2: Two possible partial CAFE(12;G) with column 0 uniform.
1 2 0 2
2 1 2 0
0 1 1 2
1 0 2 1
0 1 2 0
2 0 0 1
1 0 2 2
2 2 1 0
0 2 1 1
1 1 2 0
2 0 1 0
0 1 0 2
Table 3: Unique CAFE(12;G) with column 0 uniform.
can only be covered in the last block of four rows. Thus the third block can only be completed in
two ways:
2 0 1 0
0 2 0 1
1 2 2 0
2 1 0 2
2 0 1 2
0 2 2 1
1 0 2 0
0 1 0 2
Since the automorphism group of G is transitive on the parts of the vertex partition, if there
is a uniform column in CAFE(12;G) it can be assumed to be the first column. Cell (3, 0) in the
CAFE can either be a 1 or 2, cell (7, 0) can be a 0 or 2 and cell (11, 0) can be a 0 or a 1. If the first
column is uniform then this forces the array to be one of the two shown in Table 2. The second
is isomorphic to the first under the left action of g2g1g2g1g
2
2
composing from right to left and a
suitable permutation of the rows. So we only consider the first array. Checking the remaining
pairs which must be covered there is only one way to complete the array, shown in Table 3.
4
There are 23 = 8 possible choices to complete the three blocks of four rows. Each one of them
yields a CAFE(12;G) that has a single uniform column, so, up to isomorphism, there is a unique
non-uniform CAFE(12;G).
Stevens and Meagher formulated their conjecture on uniformity of covering arrays in 2005.
Conjecture 0.4. [9, Conjecture 1] If there exists a CA(N, k, v) then there also exists a uniform
CA(N, k, v).
With the most current computational techniques to determine as many optimal covering array
as possible, the conjecture is still consistent with all known evidence [7]. In this note we have shown
that the conjecture does not hold for the restricted covering arrays avoiding forbidden edges even
when the constraints are as symmetric as possible on both the symbols in the array and the
constraints. It would be interesting to look at the uniformity properties of other generalizations
of covering arrays. Covering arrays on vertex transitive graphs would be of interest [9].
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